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Synopsis 
The reasons are given for the failure of the momentum method due to Metzner et al. 

to predict correct orders of magnitude in normal stress difference of polymer melts in 
simple shearing flow, and an expression is given for calculating the normal stress differ- 
ence of polymer melts in steady fully-developed flow from “exit pressure” measurements. 

INTRODUCTION 

Extrudate swelling has been known for many years to  be typical of vis- 
coelastic fluids. were made to correlate die 
swell ratio with the normal stress difference of the material under investiga- 
tion. On the other hand, some studies3+ report that the same method does 
not predict correct orders of magnitude in normal stress difference, in par- 
ticular when the method is applied to die swell data of molten polymers. 

The purpose of this paper is to point out the reasons why the momentum 
method of Metzner et a1.l fails to predict correct orders of magnitude in 
normal stress difference of polymer melts. The author then suggests the 
use of a general expression which is obtained by removing some of the 
assumptions made in the derivation by Metzner et al.’ The newly sug- 
gested expression is tested with experimental data, yielding correct orders 
of magnitude in normal stress difference of molten polymers. 

In  the past, some 

THEORY 

Take a force balance between the exit of the tube and a position down- 
stream in the extrudate, a t  which the elastic stress has been relaxed and the 
velocity has also become uniform (neglecting gravitational and surface 
forces). This gives 
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Here, - (722)  R , L  is the total normal stress in the radial direction a t  the tube 
wall a t  the exit of a tube, which is called the “exit pressure,” PI1 and PzZ are 
deviatoric components of normal stresses in the axial and radial direction, 
respectively; x is the die swell ratio d,/D with d, being the extrudate diam- 
eter; D is the tube diameter; n is the flow index in the power law flow 
model; pis the fluid density; and Y R  is the wall shear rate. 

When the first term, - ( 7 2 2 ) R , &  on the right hand side is assumed to be 
zero, eq. (1) reduces to 

which is the expression used by Metzner et al.’S2 in calculating the values of 
(Pll - PZ2) from the die swell data of dilute polymeric solutions. The 
same expression has recently been used by La Nieve and Bogue4 .for die 
swell data of polyethylene and by Graessley et al.5 for die swell data of 
polystyrene melt, resulting in exceedingly small values of (PI1 - Pm), 
several orders of magnitude smaller than what would be expected. Vino- 
gradov and Prozorovskaya6 also calculated (PI1 - P 2 2 )  from die swell data 
of polypropylene melt by the use of eq. (2), reported reasonable orders of 
magnitude in (PI1 - P22). However, these authors6 appear to have made 
errors in their calculation. 

It should be noted in eq. (2 )  that the following assumptions are made: 
(1) the Weissenberg assumption is valid; (2) the isotropic pressure a t  the 
center of the exit plane of the capillary, p(O,L) ,  is zero; (3) the flow is fully 
developed a t  the exit plane of the capillary. The first two assumptions 
eliminated the radial normal stress term, - ( 7 2 2 ) R , L ,  from eq. (1). Al- 
though the third assumption is subject to question as well, this assumption 
does not enter into the final expression. 

RESULTS AND DISCUSSION 

Recently, Han et al.’ measured both the “exit pressure,” - ( 7 2 2 ) R , L ,  and 
die swell ratio for high density polyethylene and polypropylene melts. 
Figure 1 shows the plot of die swell ratio versus shear rate for high density 
polyethylene (Union Carbide DMD.J 4309) a t  180°C in flow through a 
circular tube of LID equal to 20 (D  = 0.125 in.). Figure 2 shows the plot 
of the “exit pressure” versus shear rate for the same material. It can be 
easily shown from these experimental data that the die swell term, the 
second term on the right hand side of eq. ( I ) ,  is several orders of magnitude 
smaller than the “exit pressure” term, and that eq, (1) is reduced to 

a t  least for all polymer melts met in practice. Table I gives some numeri- 
cal values of (I’ll - P22) calculated from eq. (l), that is, essentially from eq. 
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(3). One can see that the magnitude of (PI1 - Pzz) is reasonable from the 
physical point of view. It may be worth making a few remarks about the 
implications of eq. (3). First, the momentum method does not give a 
meaningful expression which can be used for correlating die swell ratio with 
normal stress difference for polymer melts. Secondly, the two assumptions 
made in the derivation of eq. (2) are not valid, a t  least for polymer melts. 

Fig. 1. Plot of die swell ratio versus shear rate for high density polyethylene at 180’C 
( L I D  = 20; D = 0.125 in.). 

Lastly, instead of die swell measurement, the “exit pressure” measurement 
should be made in order to use the momentum method for calculating 
the normal stress difference for polymer melts. 

In  order to  demonstrate that the magnitudes of the normal stress differ- 
ence calculated from the “exit pressure” measurements are of the correct 
orders, we shall consider below: (1) the evaluation of material constants in 
a 3-constant Oldroyd model, and (2) the calculation of normal stress differ- 
ence from die swell data, by use of rubber elasticity theory.* For simple 
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TABLE I 
Comparison of the Calculated Values of (,he Normal Stress 

Difference from Eqs. (3) and (5)11 
- 

Calculated Calculated 
True wall True wall ( P I 1  - P22) (Pll - P22) 
shear rate, shear stress, Exit, pressure Measured die from eq. ( 5 ) ,  from eq. (3), 

sec-l psi - ( T ~ ~ ) R , L  psi swell rat,io psi psi 

200 15.1 19.0 1.929 55.64 19.0 
250 16.1 21.0 1.957 61.11 21.0 
300 17.1 23.0 1.982 66.62 23.0 
350 18.0 24.8 2.002 71.58 24.8 
400 18.8 26.5 2.018 7.5.79 26.5 
450 19.5 28.0 2.032 79.74 28.0 
500 20.1 29.5 2.04.5 83.48 29.5 
550 20.7 30.9 2.056 87.13 30.9 
600 21.3 32.1 2.065 90.03 32.1 
650 21.9 33.3 2.074 93.39 33.3 
700 22.4 34.5 2.081 96.41 34.5 

* The material used is high density polyethylene, and the data are obtained with a 
capillary length-to-diameter ratio ( L I D )  of 20 a t  180°C (D = 0.125 in.). 

shearing flow, the 3-constant Oldroyd model gives the following expres- 
siong: 

(4) 
2rlO@, - W R 2  

2 
1 + -- X 1 2 j R *  

3 

(Pll - P22) = 

I I I I I I I I I I I I I  
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Fig. 2. Plot of the exit pressure vs. shear rate for high density polyethylene at 180°C 
( L I D  = 20; D = 0.125 in.). 
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in which 710, XI, and A2 :we three m:rtcrial coiistwts. Now one can evaluate 
the numerical values of tliesc three m:itcrial constants by curve fitting 
techniques, from use of eqs. (3) and (4) and Figure 2. The numerical 
values obtained thereby (qo = 0.S X lo5 poise, XI = 0.0568 see, and Xz = 
0.0029 sec) are considered to be of reasonable magnitudes, from the physical 
point of view. One may note a t  this point that if eq. (2) were used to- 
gether with Figure 1 to calculate numerical values of material constants, 
one would obtain exceedingly small values of material constants. Metzner 
et al.1° took such an approach to evaluate material constants in an 8- 
constant Oldroyd rnodelll from die swell data of polyethylene and polypro- 
pylene melts, and they indeed reported exceedingly small values of material 
constants, which are physically unacceptable. 

Spencer and Dillon12 introduced the concept of recoverable shear strain 
for correlating die swell data of polymer melts with recoverable shear. 
Since then, many researchers have used one form or another of the same 
concept for analyzing the die swell data of polymer melts. Very recently, 
Graessley et aL5 and Bagley et al.I3 have used the concepts of rubber elastic- 
ity theorys for analyzing their die swell data. According to these au- 
t,hors,5*13 the die swell ratio is related to the normal stress difference by 

where 712 is the shear stress. It should be noted that the derivation of eq. 
(5 )  is based on several simplifying assumptions which are subject to 
question. 

The values of the normal stress difference calculated from eq. (5)  and 
Figure 1 are given in Table I, together with those calculated from eq. (3) 
and Figure 2 .  It is seen that the two approaches predict the same orders of 
magnitude in (PI1 - P22), but the prediction based on eq. (5 )  is almost three 
times that based on eq. (3). 

SUMMARY 

I n  summary, reasons are given for the failure of the momentum method 
of Metzner et al.’***1° to predict correct orders of magnitude in normal stress 
difference of polymer melts, and an expression is given for calculating the 
normal stress difference of polymer melts from the “exit pressure” mea- 
surement. The suggested method is demonstrated with experimental 
data, yielding correct orders of magnitude in normal stress difference. 
However, more experimental work is needed in this area, in particular with 
systems of highly concentrated polymeric solutions. A work is in progress 
by the author on the measurement of the “exit pressure” with Concentrated 
polymeric solutions. 
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